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Abstract

In this work, a new definition of fractional derivative and fractional integral are
proposed. The authors obtain many useful theorems, and they also give some applica-
tions to fractional differential equations.
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Introduction
Fractional derivative is as old as calculus. The most popular of fractional derivative are
Riemann-Liourille and Caputo [1-4]. In this work , the authors propose a new definition
of fractional derivative and fractional integral as follows.

Definition 1. Given a function f : [0, ∞) → R. Then the “conformable fractional
derivative” of f of order α is defined by

Tα(f)(t) = lim
ε→0

f(t+ εt1−α)− f(t)

ε
, ∀t > 0, α ∈ (0,1).

If f is α - differentiable in the interval (0,a) for some a > 0 and limt→0+ f (α)(t) exists,
then define f (α)(0) = limt→0+ f (α)(t).

Definition 2. Let α ∈ (n, n + 1], and f be an n-differentiable at t, where t > 0. Then
the conformable fractional derivative of f of order α is defined as

Tα(f)(t) = lim
ε→0

f (⌈α⌉−1)(t+ εt⌈α⌉−α))− f (⌈α⌉−1)(t)

ε
,

where ⌈α⌉ is the smallest integer greater than or equal to α.

Definition 3. The α - fractional integral of a function f starting from a ≥ 0 is defined
by

Iaα(f)(t) = Iaα(t
α−1f) =

∫ t

a

f(x)

x1−α
dx,

where the integral is the usual Riemann improper integral, and α ∈ (0,1).
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Methodology
As a consequence of the above definitions, we obtain the following useful theorem.

Theorem 1. Let α ∈ (0, 1] and f, g be α - differentiable at a point t > 0. Then

1. Tα(af + bg) = aTα(f) + bTα(g),∀a, b ∈ R.

2. Tα(t
p) = ptp−α,∀p ∈ R.

3. Tα(λ) = 0, for all constant function f(t) = λ.

4. Tα(fg) = fTα(g) + gTα(f).

5. Tα

(
f

g

)
=

gTα(f)− fTα(g)

g2
, g ̸= 0.

6. If f is differentiable, then Tα(f)(t) = t1−αdf

dt
(t).

Theorem 2. TαI
a
α(f)(t) = f(t), for t ≥ a, where f is any continuous function in the

domain of Iα.

Results
The definitions and theorems are applied to solve conformable fractional differential equa-
tion as follows.

Example 1. Solve y(
1
2
) + y = x2 + 2x( 3

2
), y(0) = 0.

The particular solution is y(x) = x2.

Example 2. Solve y(
1
2
) +

√
xy = xe−x.

The general solution is y(x) = 2
3
x( 3

2
)e−x + ce−x.
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